
1886 AIAA JOURNAL VOL. 29, NO. 11

Finite Element Solutions of the Euler Equations
for Transonic External Flows
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This paper presents a finite element Newton-Galerkin scheme for the solution of the steady subsonic and
transonic Euler equations, in primitive variable form. The scheme is based on the explicit introduction of an
artificial viscosity in the governing equations to provide the necessary dissipation for numerical stability. The
system of equations is linearized by a Newton method and a direct solver is used for the resulting fully coupled
system of algebraic equations. Convergence of the method is demonstrated to be robust and quadratic, taking
very few iterations to reach machine accuracy. Solutions for two-dimensional transonic flows over airfoils are
presented including the cases for inviscid subsonic flow around circular cylinders and ellipses.

Nomenclature
A = domain area
DOF = total degrees of freedom of problem
e = element index
E = total number of elements
H = enthalpy
k = element influence matrix
K = global influence matrix
L2 = residual norm = E (R2)
n •= outward normal to domain boundary
N — finite element shape function
p = pressure
q = velocity vector
R = residual of a differential equation
5* = distance along domain boundary
u, v = velocity components
U = general variable
U = cell-vertex value of variable U
W = Galerkin weight function = N
x,y = Cartesian coordinates
A = change in a variable between iterations
7 = isentropic exponent
Vi,v2 = artificial viscosity coefficients
IJL = artificial viscosity control parameter
p — density
£,17 = element local coordinate system

Subscripts
ij = nodal indices
u = contribution from the ;c-momentum equation
v = contribution from the y -momentum equation
p = contribution from the continuity equation
oo = freestream value
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Superscripts
n = iteration number
u = contribution to the u -velocity influence matrix
v = contribution to the ^-velocity influence matrix
p = contribution to the density influence matrix

I. Introduction

A NUMBER of finite element schemes for the solution of
the Euler equations have recently appeared. Fletcher1

proposed a novel least-squares weighted residual approach for
subsonic flows in which each group of primitive variables is
discretized, instead of each variable separately. Tezduyar and
Hughes2 have developed Petrov-Galerkin schemes to introduce
the necessary artificial viscosity through up winding operators.

Angrand et al.3 and Stoufflet4 have proposed schemes in
which integration of the flux terms is performed approx-
imately by mass-lumping operators. The works of Donea,5
Lohner et al.,6 and Peraire et al.7 are based on explicit time
marching algorithms, in direct emulation of Lax-Wendroff
finite difference schemes. Such explicit methods have slow
convergence properties due to the limitations imposed on the
time step by the CFL condition. Acceleration techniques such
as mass-lumping, local time stepping, multigrid and residual
averaging can be introduced to increase the convergence rate.
Bruneau et al.8 have recently proposed, for subsonic and su-
personic vortical flows, a finite element scheme based on a
least-squares formulation of the steady Euler equations, free
of artificial viscosity. The scheme has not, however, been ex-
tended to situations with shocks.

The present paper proposes a finite element method where
many of the problems and complexities of the previous
schemes are avoided. The artificial viscosity needed for the
stability of the Galerkin approximation is intentionally chosen
to be simple and is the Laplacian of the solution variables, p,
u, and v, added to the continuity and momentum equations,
respectively.9'10 All three Laplacians are controlled by a single
coefficient, uniform throughout the domain, whose value is
the minimum one to prevent solution oscillations. The reason
for the choice of the simple artificial viscosity form is to avoid
possible spurious nonunique solutions of the discrete equa-
tions associated with more complicated artificial viscosity
forms. In fact, the current trend in solving the Euler equations,
using nonlinear artificial viscosity terms with limiters, may
lead to illegitimate solutions not related to the solution of the
differential equations.11 It also may lead to slow convergence,
limit cycle, or even divergence.11
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The nonlinear system of equations is linearized by a Newton
method that results in quadratic convergence of the iterative
process. At each iteration a direct solver is used to solve for the
velocities and density in a fully coupled manner. The iterative
scheme also permits the recovery of both physically stable and
unstable solutions of the Euler system of equations, in multiple
solution cases.12

II. Theoretical Formulation
Governing Equations

The two-dimensional steady Euler equations are expressed
in terms of continuity, momentum, and energy. They can be
written in strong conservation form:

3(pu) | d(pv) = Q

dx dy

d(pu2+p) d(puv) _
i ——7.——— — Udx dy

d(pup) [ d(pv2+p)
dx

7-1
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The simplified energy equation (Id) assumes constant total
enthalpy everywhere; a valid assumption for steady flow with
no heat transfer at the walls. This, however, does not cause a
loss of generality of the formulation, and the approach pro-
posed in this paper is equally valid for the case including the
full energy conservation equation.

For stability, an artificial viscosity in the form of Laplacians
of the dependent variables is added to each of the governing
equations. The nondimensional form of the equations be-
comes
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where the artificial viscosity coefficients j»1( c2 are functions of
a single parameter ^

M M
"i = T7~V ^2 = '

The pressure can also be eliminated using the energy equa-
tion and, in that case, the first term of Eq. (2b) becomes

pu2+p =

7+1 .- 2pu- -1 2pv2 + -1

With the pressure eliminated as a variable, the number of
equations is reduced to three, from the original four.

Weak-Galerkin Weighted Residual Method
The weighted residual method consists of minimizing the

residuals of the system of equations over the solution domain.
It is applied to the reduced system of equations as follows:

0(3b)

where Wt is the Galerkin weight function, selected identical to
the shape function that describes the behavior of the variable
in the element.

The weak form of the equations is obtained by integrating
all terms by parts
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The integration by parts results in contour integrals that are
assumed, in the weak form, to cancel each other on element
edges in the interior of the domain with the result that the
formulation remains fully conservative with respect to fluxes.

It should also be remarked that, while the pressure has been
eliminated as a variable in the field, it is left in the contour
integrals because it may be a given quantity along some seg-
ments of these contours. In addition, while p, u, and v are
used as the solution variables, nothing precludes the selection
of the conservative variables p, pu, and pv as the solution
variables, at the expense, however, of added complexity in the
formation of the Jacobian of the Newton method.

Newton Linearization
Newton's linearization is introduced by setting

Un = Un + AU

Upon substituting and neglecting second-order terms (e.g., Aw
Ap), Eqs. (4) can be recast in A form. For the continuity
equation one obtains

dW,

-dy Av dA

dp dW
Vdx dx + dy dy

dp dA (5a)
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While for the x-momentum equation For the ^-momentum equation the coefficients are
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The form of the >> -momentum equation is similar.

Finite Element Discretization
The final step consists of the introduction of the finite ele-

ment interpolation polynomials. The spatial discretization is
based on quadrilateral bilinear elements where, in each ele-
ment, the variables vector £7 is expressed as a bilinear function
of the cell vertex values, (£/):

V =
/=!

(6)

Substituting Eq. (6) into Eqs. (5), and summing over the ele-
ments yields, at a node /

(7a)

£ f [
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= -(/?,), (7c)

where the [A:/j] are element influence matrices and (/?/) indi-
cate the residuals of Eqs. (4) at node /.

For the continuity equation the coefficients explicitly are

Ay-1 d^A
Nil-———-rpV——-1

A '\ 7 A*
————dy / d.4

The form of the .y-momentum equation is similar.
All area integrals are numerically evaluated by a Gaussian

quadrature procedure, using a (3 x 3) grid of sampling points.
The elements influence matrices are assembled into a global

matrix and the system of algebraic equations is in the form

[K]"AU = -Rn (8)

where AU is the vector of unknowns Ap, Aw, Ai>. Convergence
of this nonlinear process can therefore be measured directly
from the right-hand side, i.e., the residual, by a norm. Here
the L2 norm is used and defined as

..f. 1
(DOF ,« >"'

where DOF is the total number of cell-vertex unknowns or
degrees of freedom.

III. Boundary Conditions
At inflow boundaries all three variables, p, w , *>, must be

specified. At subsonic outflow boundaries the pressure is
specified and is accounted for through the pressure contour
integrals in the momentum equations.

The boundary conditions at solid boundaries merit some
discussion. Three types of contour integrals appear in the dis-
cretization of the governing equations: flux, pressure, and
artificial viscosity. In finite difference calculations13 one can
use the fact that vorticity is constant along a streamline to
calculate the boundary condition for the artificial viscosity
term. In finite volumes,15 the contribution of the normal com-
ponent of the viscous term is usually neglected in the volumes
adjacent to the walls. In the present finite element approach,
the only boundary condition imposed directly on the calcula-
tion is the no-penetration through solid boundaries, this being
done by neglecting the line integral of mass flux in the continu-
ity equation, at walls. All other contour integrals are evaluated
using the finite element interpolation and the nodal values. We
found that this is the best strategy to minimize the effect of the
artificial viscosity on the calculations. The results demonstrate
that the numerical momentum flux through the solid boundary
is almost machine zero, except at the stagnation points, where
it is two orders of magnitude higher than the truncation error.

IV. Solution Procedure
The simple type of artificial viscosity selected provides a

continuation mechanism for the Newton method when it is
started with a poor initial guess, here taken as uniform flow.
First, the artificial viscosity coefficient /*, is set to a high value
and the iterative procedure is carried out until the norm of
each residual drops below an intermediate limit, say 10~5. At
that point, the artificial viscosity coefficient is reduced and the
iteration is resumed with the previous converged results as the
new initial guess. The cycling of the artificial viscosity coeffi-
cient is continued until it reaches the lowest possible value.
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Normally only three cycles are required and overall conver-
gence to machine accuracy can be obtained in a total of 15 to
17 iterations. This technique produces faster global conver-
gence than the more conventional approach of adding time-de-
pendent terms to under-relax the solution until the residual
begins to decrease.14

The Newton-Galerkin formulation leads to a system of
banded, sparse, coupled linear algebraic equations, which may
not always be well conditioned. A Gauss elimination solver is

Fig. 1 Finite element C-grid around NACA0012 airfoil, (254x30)
with 204 nodes on body.

a) Mach number contours around NACA0012 airfoil
MAX - 9.8186E-02
MIN - -2.1969E-02

therefore preferable. Three approaches have been taken to
solve the system: a banded Gauss solver, a Frontal solver, and
a sparse matrix solver.

In a Gauss elimination banded scheme, the storage and CPU
solution times are not excessive for medium-sized two-dimen-
sional grids. The solver can also be easily parallelized through
the inner or middle loop of the matrix factorization algorithm.
On a Silicon Graphics IRIS4D-240, it was found that the re-
duced inter-process communication associated with the paral-
lelization of the middle loop, however, yielded a better perfor-
mance and a speedup of 3.25 in factorization time with four
processors was achieved compared to a single processor.

Iteration

c) Newton iteration convergence history for NACA0012 airfoil, with
three cycles Of artificial viscosity, j* = 5.0, 0.75 and 0.25

——— Galerkin FEM (254 X 30) C-grid
......... Pulliam (561x65) C-grid
——— Jameson (320x64) O-grid
_ . - . _ . Yee and Harten (249x41) C-grid

b) Total pressure contours around NACA0012 airfoil
Fig. 2 Solution for AGARD02 test case.

d) Cp distribution around NACA0012 airfoil and comparison to other
methods
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a) Static pressure contours around circular cylinder

-0.0 0.2

b) Cp distribution around circular cylinder

0.4 0.6 0.8
x / Chord

d) Total pressure contours around circular cylinder

g 0.00
u

-0.15
0 4 8 12

Iteration
e) History of CL for flow around circular cylinder

-2

c) Streamline pattern around circular cylinder
Fig. 3 Solution for the circular cylinder test case, (128 x 48) O-grid.

Iteration
f) Newton iteration convergence history for circular cylinder, with 3
cycles of artificial viscosity, /* = 1.0, 0.3, 0.1
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a) Static pressure contours around ellipse d) Total pressure contours around ellipse

Upper Surface

-0.0 0.2 0.4 0.6 0.8
x / Chord

b) Cp distribution around ellipse

1.0 1.2

Iteration
e) History of CL for flow around ellipse

12 20
Iteration

f) Newton iteration convergence history for ellipse, with four cycles of
c) Streamline pattern around ellipse artificial viscosity, /* = 0.025, 0.0025, 0.0015 and 0.001

Fig. 4 Solution for the ellipse test case, (128 X 48) O-grid.
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A sparse matrix solver, SPARSPAK, has also been used.
Two reordering techniques, the nested dissection and multiple
minimum degree algorithms, have been tested and the results
indicate the latter to be marginally superior. The multiple min-
imum degree algorithm yielded a factor of up to 2.84 reduction
in storage and a factor of 2.12 reduction in factorization time
against the banded solver for the test cases attempted.

For the circular cylinder and ellipse cases presented below,
the banded solver required 11.54 MWords of storage for a
matrix size of 18,621 degrees of freedom with a bandwidth of
600. The matrix size for the airfoil problem was 22,872 degrees
of freedom with a bandwidth of 371. For such two-dimen-
sional problems, SPARSPAK required one third of the storage
and halved the solution time per iteration. No effort, however,
has been made to parallelize the sparse matrix package.

V. Results
The results are aimed at validating the method for transonic

test cases over airfoils and subsonic test cases over bodies such
as cylinders and ellipses. All test cases have been converged to
machine accuracy and demonstrate quadratic convergence of
the Newton algorithm.

AGARD02 Transonic Test Case
The airfoil analyzed is the AGARD02 case15 for a NACA-

0012 airfoil in transonic flow. Figure 1 shows the finite element
C-grid (254 x 30) around the airfoil, extending to 30 chords in
the farfield and 25 chords in the wake region. The airfoil is
defined by 204 nodes and a total of 7620 elements are used.
Figures 2a and 2b display the Mach number and total pressure
contours for the flow at a freestream Mach number of 0.85
and an angle of attack of 1 deg. Figure 2c shows the conver-
gence of the iteration scheme for this test case, which includes
three cycles of the artificial viscosity coefficient, /x = 5.0, 0.75
and 0.25, and as can be seen, is quadratic for each cycle.

The Cp distribution is compared in Fig. 2d to the results of
Jameson,15 Pulliam,16 and Yee and Harten,17 showing good
agreement with the three approaches, all using finer grids. For
example Pulliam results are for a (561 x 65) C-grid, Jameson's
for a (320x64) O-grid and Yee and Marten's for a (249x41)
C-grid. The lift coefficient, CL =0.3926, compares well to the
value of 0.3938 obtained by Pulliam.

Circular Cylinder and Ellipse
Several well-established Euler codes use a number of user-

adjustable parameters to introduce numerical dissipation for
stability and complex schemes to implement the boundary con-
ditions. Often, some inaccuracies of these methods are masked
by the complexity of the flows analyzed. In a recent paper,
Pulliam18 made an exhaustive review of several Euler schemes
applied to "simple," if not the simplest, geometries such as
circular cylinders and ellipses under nonlifting subsonic condi-
tions. The surprising conclusion was that all codes, for at least
one of these two geometries, would predict large values of lift
if the freestream is not aligned with a grid line. Similar prob-
lems had also been detected by Von Lavante and Melson19 who
calculated the flow over a 2:1 and a 6:1 ellipse at a Mach
number of 0.4 and 3 degrees angle of attack and came to such
a puzzling conclusion. Pulliam challenged the CFD commu-
nity to demonstrate or develop schemes that do not suffer
from such inaccuracies. The present finite element algorithm
has been tested for the specific test cases and grid density
suggested in the Pulliam paper and has been verified for con-
sistency of results.

First, flow over a circular cylinder at a Mach number of 0.2
and an angle of attack of 5 deg is computed. The grid, skewed
to the direction of the freestream, has (128x48) grid points
and 6144 quadrilateral bilinear elements. The farfield bound-
ary is set at 45 diameters with no farfield vortex correction.
The results obtained are shown in Figs. 3 and the static

pressure contours on the upper and lower surfaces, Fig. 3a,
can be seen to be virtual mirror images of each other with
respect to the axis formed by the freestream, yielding a CL
of 6.887xlO~3. This compares to a value of 13.66 in the
Pulliam paper. Figure 3b shows the CP distribution over the
cylinder, again demonstrating the antisymmetry of the pres-
sure distribution at the surface. The solution also yields
stagnation points aligned with the flow, as shown in Fig. 3c.
While the artificial viscosity effects are demonstrated to be
minimal, it is clear from the total pressure contours of Fig. 3d
that it still causes a wake behind the cylinder, carried to the
outer boundary.

The CL history during the iterative process is shown in Fig.
3e and can be seen to cross the zero lift condition during
convergence. Hence, to avoid any ambiguities in interpreting
the quality of the results, the Newton iteration is carried to
machine accuracy, as shown in Fig. 3f.

Second, the flow over a 6:1 ellipse at a freestream Mach
number of 0.2 and an angle of attack of 5 deg is computed.
This is the more demanding of the two test cases, according to
Pulliam. The grid, skewed to the direction of the freestream,
has the same density as the circular cylinder case and the same
farfield distance. The results obtained are shown in Figs. 4.
The static pressure contours, Fig. 4a, are virtually reverse mir-
ror images of each other with respect to the axis formed by the
freestream direction, yielding a CL of 1.215X 10~3. This, for
example, compares to a value of 1.545 for ARC2D.18 Figure 4b
shows the nearly antisymmetric CP distribution over the ellipse
and the stagnation points can be seen from Fig. 4c to be
aligned with the flow. The effect of the artificial viscosity is
shown in the total pressure contours of Fig. 4d.

Figure 4e shows the CL history, which similar to the circular
cylinder case, crosses the zero lift value during convergence.
The quadratic convergence of the Newton iteration, to ma-
chine accuracy, is demonstrated in Fig. 4f.

Other test cases have been carried out to verify the consis-
tency of the ellipse results and their independence from angle
of attack and Mach number. A test has been run on the same
grid, at a Mach number of 0.4 and an angle of attack of 3 deg
corresponding to the flow conditions of Von Lavante and
Melson.19 The obtained value for CL was 2.791 x 10~2 and
demonstrates that the results are nearly independent of Mach
number and angle of attack.

Solution times for the airfoil are of the order of 20 s/itera-
tion on a Cray X-MP and of the order of 27 s/iteration for the
circular cylinder and ellipse cases.

VI. Conclusion
A finite element method for the solution of the Euler equa-

tions in primitive variable form has been developed, with arti-
ficial viscosity introduced in the simple form of Laplacians
added to the governing equations. A weak-Galerkin formula-
tion permits a compact and accurate treatment of boundary
conditions that otherwise require extrapolation. A simple con-
tinuation mechanism is introduced through the variation of a
single viscosity parameter.

A Newton linearization method and a fully coupled direct
solver have been used to solve the nonlinear system. Conver-
gence of the iterative method is demonstrated to be quadratic,
taking very few iterations to reach machine accuracy.

For large-scale problems, work is focusing on new concepts
in direct solver technology and iterative approaches such as
preconditioned conjugate gradient methods to reduce storage
and solution times.

In addition, work is progressing on increasing the accuracy
of the scheme to second order. Nevertheless, at the present
time, this simple, straightforward, constant, first-order
scheme has succeeded in responding to the challenge presented
to the CFD community by Pulliam at the 1989 AIAA Reno
Conference.
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